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Point-like type symmetries

For a p-degrees of freedom dynamical system, an infinitesimal point-like transformation
in the (g, t) space-time may be defined through an infinitesimal parameter ¢ :
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3 Liesymmetries for a general non-autonomous dynamical systems

e Case with the egs.of motion = second order differential egs.:
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e Lie symmetries = invariance of the egs.of motion:
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e The previous eqs. imposes:
- a hierarchy of partial differential equations for V(q,t)
- expressions for £(q,t) and 7,(q,t) of the form:
§dt) = B+ Zaxtm (1)
m@ t) = _BQZ + Z bl]QJ + ¢z + i ZQJQJ (2)
where (5(t), ¢;(t), a;(t) must satisfy:
1% 82‘/ 0%V
Bai + B3 ]+ 58%875 (3)
ov
_2;[% g 8q18q ijqu =0 k=
Z¢]8qlaq 7 7]:17n (4)
. o . LoV oV L —
> lé;(2d5a: + diag) + @j(24j5 -+ iz )] =0, 4,7 =1n, (5)
r qi qj
) ov ov
Z[%ql% + a](qja_qi - %a_qj)‘f‘ (6)

J
0V 0*V . S
+qj3q1 Z ka_l'aja 8t] 07 Z?]akzlan



e The generator of Lie symmetry takes the expression:
0 1 -
U = [B@)+ Z ai(t)%]a + 2[55%‘ + Z bijq; + ¢(t) +
= i=1 j=1
n ) a
+ai Y gl
= 9q;

0

U=Ug+Uyp+ U,

where

n a n
Uy = Z@(t)—, = ZU% )

i=1 04i i=1

9 ~~1: - 0

Us = Bl(t)5 + ;[55% + jz_:lbijqj]a_qi :

n 8 n n ] 8
Up = Zai(t)QiaJrZ[Qizaqu]@_q

i=1 =1 j=1 !

e Case with the egs.of motion = first order differential eqs. = U’ should be used.

e Example:
¢ + f(a1, 92, ---qn) = 0
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This is the case which we will explicitly take into account in the following section.
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4 Zonal flows model in anomalous transport

Aim: study of the anisotropic electrostatic turbulence appearing in turbulent plasmas during
the anomalous transport phenomena;

Method: DCT (the decorrelation trajectory)

A two-dimensional system, with {z, y, z = ks, u = k,} =Langevin-type equations:
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A is an arbitrary constant and £(z,y) may be a third order polynomial function.

In our study we will consider £(x,y) of the form:

E(x,y) = a(x® + y3) + b(x®y + yx?), a,b arbitrary constants

For a = 3
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For the Poisson surface of section u = 0:
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4.1. Lie symmetries for the model

The infinitesimal form of such symmetries may be written as:
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The infinitesimal generator of the Lie symmetries would have the form:
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e Conclusion: the first extension of the generator for Lie symmetries has the expression:
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e Particular values for the arbitrary constants:
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4.2 Lie invariants

e The invariants associated to Uj = U:

Uil(t,z,y,z,d,9,2) =0
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e Possible solution: . . )
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where g1(7, 2), g2(%, 2), g3(&,9) are arbitrary functions in regard to their arguments

Conclusions:

e (3) invariant quantity linear in each component of the velocity

e Generally, invariant quantities could be obtained by imposing a priori dependence on the
coordinates or velocities.

e Despite the dominance of the chaotic behavior, the system presents three Lie symmetries.
For one of these symmetry operators, the existence of a class of invariant quantities, linear in
coordinates has been pointed out.
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