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4. MoTivation

- Uncertainty relations + 3e,ne.mL relatyvity

»‘mPL\/ lower Lsmit on coordinate meaSurements

Such a lower Limit (i, principle | provides
a natural (V cutt ~off Je. a rcgulﬂ:{‘pr-
in guantum foeld 'Hieor'y
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l. Me ‘|. v‘a,'.‘";-.; w1
Elements 'F"" ge.nem.uaa:f-;‘o 9

- Differential structure
it s possible to define differentcal

noncommutative geometry  Le. Lorms and
veeter fields on algebras

- Symplectic structure
gs'V&h in 1uwh‘f‘um mechanies by
be‘le]="’h53' ;5 momenta are related
+o the derivatives



Noncommutative space = alyebra
generated by +he coordinates x*
+ relafions ;  for example

[x*xId = iETH)

T =cons ol ’_f:,b'.f;."u..{_a,"_r__. I‘J‘-p:)_{,.'ﬁ;__ re = -f"rn“L "r AC. €
Vector -Ft'&Ld-s are derivatiens , BB, lenear
mappings X . algebra — cu(.ge,fom which
obey the Lechniz rule

X(gh)=Xg9:-h +g Xk

= 5enerc~l,fau(, derivatives olefor medl
Lescbuiz !

- vector fields oo not form o left medule |

t.e. ¢f X s a dercvation ; hX on 3¢,ne.mL
i¢ not

Forms 4"{10"!&3 are UWneor maps w :
U&D{‘Drs _— aig,b’orﬁ which have bvmedule
structure | c.e. aiong with w, hw and
wh are 1= forms

= p.-.For-ms - 5en¢ml.|f%b{1'oh oG We.d.gt.
praM

P olc{-{crf,nh‘a,(.‘- Leclbniz + dz—_-.o




2, Dellertmtial celewlns

NC dgeneralization of Cartan's moving
{rame {ormaUSrn:

Frame is defined by a set of m A-Lorms

B . Tt cam ol e clefrned by oal
vecdtor fLrelds e; 9"(e.J-) _—.s"J-

Madore's version : in a Jense | minimal
- all derivations are (nne 5 ech = [P:.‘,AJ

- momenta Pe gererale +he a.lje.bra oS wiell
as the coorslinates xv

- the center a-P the ouLgebm i's Frivial

- better notion D-F olvme nsion
- commutative Limit
= 5+r¢¢c‘;fur£ tonstrained

Drawbacks

— Structure tvo constracned ?




Qiven & {frame B° | the difterential s

defined by :
Ahke;) = ech , or dhe Tp H1T

~ Various constramts a,FPea.r . For e_x.a.mpie,
ho' = 0°h  for all eliments h of +he algebrs

— .From aL(-lvﬁ':—e“J\) =0 , and d,lzo a
quodratic relafyon a wong +the wmomeunta can
he obtained

o pke K
2 P ;:J'PKPE =F I:;'Pk. —KL‘J‘ =0

- Alse , we oJ.wayJ‘ assume q,ss::u‘a.'h‘w'{-'yt ce.

+he Ja.ca'as‘ vlentities  hold
The Ss'mpbl!&'l' eXﬁmpLe. 'S +he -,cla.‘f' ..fPaC,e:
Lx*,x4] = A€TY = const

Fedw* v -0
Axd dxt = —olx‘dxd
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LI) [ f{f«%v‘, 4'"1‘5-,!’. C A.—{-"_. ,,:{ Lih

2- dt'm spuce. with e Kp‘LL»‘mg veclo r

\

0° =flx)dt | 9= dx

Define [t,x]=¢kT°?
Calealns ss  given by

dx - x = x dx ot - x = x dt

dx .-t = t.dx dt -t = (£+RF )dt
with Fegeigl gt
Also , AT =0 ( T =comot ), and

(6%)* =0

p’s! = —p'p°

(aaj'l- = _:_2[-_ ‘;-.E:FFfeoo,l :

Howeve,r,' ;‘F derivatives ave runer andl
momenta fenerate Hhe a.Lgelar-a.( we

have further restroctions . They are
= -1

e -t o 4

but also the eﬁu.af“m

—1 %— = 4 -,L‘Elaf:o + &[{,‘EP,)Z :




.-‘2_ . (_)b ﬂ&r‘ﬁ 4 f_l\{,?,-{ c {\’_r' £ .'"_'Ir w S

The Last eguh‘on Fixes n -Fa.cl‘ £(x) , <. e.
the allowed frames . T+ has 3 Slutions:

) pxi=q4 , 4l Space ( zero curvature)
‘l) -F[K)-_-_ e.C-X

3) fix) = casézﬁxz A (1+ osh %x)}

AdS ( constant curvature)

J

fuzey donut or forus

as after the Wiek rotation u = 2%,
v = b’ A':b [oe,come-s
6°= L (1eosa)de 8- A Jdu

:Z.;ﬂ
which con be embedded s R> &
ss‘hsu,{,nm torus .

_5..04 = -—2/52( 1+ tanh px ) 0°91
mon tenstant cwrvature




3. D v F‘»{'ﬁ,f’“ﬁ, e J‘_,'-a/_.f A Lovr € 1‘;.'., “f

Extercor ProdMot, u.Ss'wg +he —fr-ame, e be
defined as

where P'.J"Kc are Constauts . p“J‘K& I's a Pr@'et_fw-

: v ‘v ' . ' )
In 1"‘1& usual cose ) P‘JM = i—- (5 ‘R_SJ& m 5‘:@_ SJk_)
- anty symmef'r:'?a.ﬁ‘om

Further , to define the lLinear connections

one heeds a “Ylp' ,or change of order
in the tensor product

(6’ 8/) = SV, , 6k 00t
Msu.a,uj S "J‘LL = 0 “25"& } gtves S\i)‘?ﬂm&'{'ﬂ‘hﬁ'ﬂ
(1+07

Theh’, the covarcant devivative (s
olefned as

D§ =b‘(§@3)“99§ with B-‘*P;&J
and (onnection as

DB“ - - W‘:J@BJ‘
Metric , a5 o qna‘; g(ﬁ-‘:’@ pf)-—_-j“f ) ete .

The formalism fully oleveloped, once
P"Jlk‘_ anel Ska‘_ are 3"""—” .




q < fif e [
¥ F i #..{'{_,»“Lr 2 A Conn ET

Solve for Pi‘ikt and S"J'u +for the -FMEEY
donut assuming Some oaddihonal Fep usrements
Aeke hermiticcty etc. Frnd , perhaps | metroc

([ real and Symmetric ) , and connection
(torsion - free and metroc - cpmpq,-h'blﬁJ :

In general , ouffewlt .

One cCam +ry A Semccelassical a.l:}araxc'ma.‘h'an,

L.e. E.KFam.s‘:‘ou 'n order-.S' a.F'E !

‘\- . . . . "
P = &8, 8%, ) +aeal,
$P = Tl kT,

9" < 4V ik4Y | ete.

Differential calewlus fixes RV, , at
Least n the -fl.‘r‘S'f' order. From

(8°)° = 1:k6"8!
we J&t

oo

o a7 =3 oo =
B 000" = & b =R SN



3. 0 Jf’f—f,‘.-fmﬁ-Ln“ax’r Oto W‘i.“l-"-"‘\{

The i.-&r‘o"H'l arﬂf.&r &onﬂecffan 3:‘v¢$
Ly x
il

oo 40
T a{=T ==9 |

o0
whereas the other conditions 3;'ve +he

metric
" -4 20k
- = :
.
It ts real and Symm&'(’m‘c.. To +hrs

order connection ( metfric compatible and

torsion - free ) and curvature are

A . [ o
W, = w', = —4kp " = Fb
0 / 2 o, {
[~} 4 = 2 opfd
4% - 0", = 2:6F26°
[
+ 1.9 possSihl +o ae +» +ne fecond ovrder
rd
T1 e " | o | : .'L-‘ . ’ i
In€ Corrécieg meéiric IS Féed Q,-V!f/l Sy mméinc ‘}
the tonn ection ‘s real and Horsiomn - Lree

)

[ i 'S . v :
PUT ne m C,-'-LV‘-: C-CombDa +i -.‘L -".-.g




AR - aa

UenPyr'*wrba.“l'beLj uud-n"l‘s'pus toonn be wr;{-(_&“ Sin

+Hie matrix -Forw'. f-F we write Pl‘tiu ond S“J‘KL 4as
x4 -)p-wu;;'i"lm'c.eSJ 3‘.1.)— as o ol mn and de nete Hhe

'.f(.a.ﬁ:l values as  Po So 19, ,then the tonstraints

are
- 'PI'OJQG‘{'GV constvaints
P - p o*p P with P a 5P
J
— 4wist coustraints
§*§=4 5 (5-(‘4)?:0
— metric ConstraiwtS
A %
9" = S9
o or Y <9

Pa
— bvnhe.e«'kpv\ metric - umF&"f’n'bu

P 4 ‘ il mh
Wi 89 + WS 9 =0



- in the special tase of dependence on
4 c,pornunwtt., ge.omd‘ry vy almoest -Fp‘x-eol

— more genernl dependence : ditfhewlt +o
obtain exact results

4d
~ many more examples ! more Coordi nates

allow more flxib/lity

— S+l 4 it s anclear hether the correct
classical (emit can be obfacued.

gen eralizations !

= h-‘gher obmensions + olimensionall reduction

~ outer derivations



