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Yang -Mills Algebra

- the associative algebra behind the Yang-Mills
equations in d+1-dimensional (pseudo)Euclidean
space with pseudo metric guy

Q)w[v,\: [vu: V]l =0 (1)

Vu=0u+ Ay, p=0,1,...,d is the gauge covari-
ant derivative

- by definition this associative algebra is a uni-
versal enveloping algebra, generated by thed+1
generators V,, with the d41 cubic relations (1),
the Yang-Mills equations

interest in YM algebra in connection with string
theory :

N.Nekrasov - Lectures on open strings and non-
commutative gauge theories hep-th/0203109




Green Parastatistics Algebras

introduced by Green as a generalization of the
Bose-Fermi alternative.

DEFINITION 1 The parafermi algebra pS(n)
(parabose algebra pB(n)) is an associative alge-
bra generated by the creation at' and annihila-

tion a; operators for i = 1,...,n subject to the
relations
[0, a7 ]5,at%] = 25kgt
[[a+i’a+j]%a+k] =5 0 (1)
[a™, a5, 0] = —26}a;
[la; 015,01 = 0

The upper (lower) sign refers to the parafermi
algebra pF(n) (parabose algebra pB(n)).



Superalgebraic point of view:

[[at%a;],a™*] = 26Fa™
[lat?,a™],at*] = 0 2)
[la* a;],a5] = —28%a;
[la; ;05D a3 = 0

where [a,b] = ab—(—1)49e9(a)deg(B)pq and deg(z) €
{0,1} is the Zy degree of z. Then for the parafermi
pS(n) (parabose pB(n)) case all the generators
are even (odd)

deg(a™") = deg(a;) =0,

(deg(a™?) = deg(aj) = 1),

The parastatistics algebras admit an antilinear
antiinvolution *, (ab)* = b*a™*




(a—}—i)* = a (a:)* = a=|=i

]

referred to as conjugation.

The parafermi algebra pg(n) is isomorphic to
UEA of the orthogonal algebra so(2n + 1), the
parabose algebra pB(n) is isomorphic to UEA of
the orthosymplectic algebra osp(1|2n)

pF(n) ~U(so(2n + 1))

pB(n) ~ U(osp(1|2n))

Thus the trilinear relations (1) provide an alter-
native set of relations for the algebras so(2n+1)
and osp(1|2n) in terms of paraoscillators.




Deformed Parastatistics Algebras

The idea of quantization of the parastatistics
algebras is to “quantize” the isomorphisms, I.e.,
to deform the trilinear relations (1) so that the
arising deformed parafermi p§,(n) and parabose
pB,(n) algebras are isomorphic to the QUEAs

PSq(n) = Ug(so(2n + 1))

pB, >~ Uy(osp(1|2n))

and then continue the algebraic iIsomorphism to
a Hopf morphism which endows the deformed
parastatistics with a natural Hopf structure.

QUEA Uy(so(2n + 1)) and Uq(osp(1]2n)) in the
Chevalley-Serre form - Ssame Cartan matrix



(Cii)i =1, .. Willy cntries

Cij = ai(H;) = (o, @5)

[ 2 -1 T8k O @ )
=1 2 =irse. O 0
0O -1 2 0O O (3)
g 0 W= 2 —i
L0 0 @1 -2 2 )
Symmetrized Cartan matrix (a;;); j=1..n
(O!',Ot')
aij = d;iCij = (o, ;) d; = #
which in the cases under consideration is
1
aij = 26;5—0in—0i+1;—0ij4+1 di =1-Z0in

(4)




Let H;, E4; be the Chevalley basis of so(2n+ 1)
or osp(1|2n)

H% = H;, Erei—F, . 1<i<n.
(5)
The Lie superalgebra osp(1|2n) has a grading
induced by deg(H;) =0 and

deg(Ex;) =0 1<i<n—1 deg(Ein) =1
(6)
All generators of the Lie algebra so(2n + 1) are
even.

The QUE algebras Ug(so(2n+1)) and Ugy(osp(1|2n))
are associative algebras generated by ¢=Hi and
E4; subject to the relations



qflighi = qHigH: i,j<n
"1 Byjq M = ¢*%iBy, i< n
[2](E;, E_;] = 6; j[2H;] i<n-1
[[ER:E—-W,]] - [Hn]
[Et;, B+j] =0 ¢ — 5] > 2
[Ei;, [Eas, Ej:(q;+1)]q]q—1 =0 1<n-—1
[Ei(z'+1)s [Ei(i-f—l):E:l:i]q]q—l =0 1<n-—2
[[[[Ei(n—l): E:bn]q—ls Ein]]: E:!:n]q =0
(7)
where
q% — q__%
[:1:] g T (= (2] 1)
g2 —-q 2 a2

Change of basis by using the subset of short
roots ¢; related to the simple roots by

Q; = €;—€j4-1 12 n—1, Op = €p

(8)



Corresponding change of basis on the Cartan
subalgebra

(9)

By construction qhig"i = gMighi.

The ladder operators ET& and E—¢ related to
the roots ¢; are a1* and aj and therefore the
inverse change ¢; = >>7_. o implies
aT* = [B;[Biy1,---[Ba1,Enl -1+ g-1lgm
o; = [L..[Bon, Bofily. ., E_gerrylen B=de
(10)

On the other hand the Chevalley generators are
expressed as

B'= g hlat o]
E; = pylat@tDo7Tg" 41 i<n  (12)




One has
qhz‘a-’ﬁj =h; = ‘Sz‘ja+j h-.-:a“q-hz' = q—éa’ja- (12)

The graded commutator of opposite ladder op-
erators

[a™, a1 = [2h;] (13)
defines the partial hamiltonian H; (of the j-th
paraoscillator)

= h;
TEIR n—*—‘q L =" e
[2] q—q—

The full hamiltonian % is the sum over all paraoscil-

lators H =7 . H,

Antiinvolution * on the new generators

]

(0‘,+i)* — a; (a;)* — G,-H; (q:j:hz')* = q:Fhi
(15)



and also (¢)* = ¢, (¢ on the unit circle). ( and
for the Chevalley basis (Ei;)* = E-, H'= H;)

Hence * is an antiinvolution on the whole QUEA..

THEOREM 1 The quantum parafermi pSq(n)
(parabose pB,(n)) algebra is the associative (su-
per)algebra generated by the even Cartan gen-
erators ¢ for i = 1,...,n and the even (odd)
raising a** and lowering a7 generators subject
to the relations

[[a™, 071, a1 54000 = [216FaTiq7 s

+(a-a71)0(, j; k)ati[atk, a7 ] (16)

[[[a+i1,a+i3]],a+i2]]q2 + g[[at1, aTi2], a+i31| —
Ma-f-%l a-l-'bz]] a+""2]]q

[[a+22 [[a—l-zl a+23]]]] > _|_q|Ia+z1 [[a+32 a+23]”1 —
[at?2, [at?2,ati3]], =

(17)

Il

Q O O O

L4<L_,_< !,3



as well as their conjugated
[[a™, 5T, 05T 506ty = ~[216}ay g~ M

-(a-a71)0j,4; k) [t a; Ta; (18)

[la;;; ai,l, 0,12 + allla;; a0, a; ] = 0 écip < ig

[la;;;a;0,0; 1 = 0 i3 <io
u: 12? [[a"&l’ 13]]]] 2 + QIIa31! IIa’-gQ? a'33]]]] = O i‘l‘ ZL < ig
II in? [[a' in? 7,3]]]](] = 0 ?:2 = i3

(19)

where o(i,5) = 613 + 055 & or C’(Z J) = €5 — 955
and 0(i, 5, k) = 2633 zjk(e ik — ezk)

The inhomogeneous relations are related to the
adjoint action of a deformed linear algebra. The
homogeneous relations describe an ideal which
is a Uy(gl(n))-module, a deformation of a Schur
module ‘E(21

*) Levi-Chevita symbol ¢;; = 1 for i < j

N The function 6(:,j; k) = —6(j,4;k) is 0 : or 1 and -1 for
i<k<jandi>k>j, respectively.



Hopf structure on parastatistics algebras

The QUE algebras Ug(so(2n41)) and Ug(osp(1|2n))
endowed with the Drinfeld-Jimbo coalgebraic struc-
ture

AH, = H;®1+1QH; S(H;) = —H
AE; = E;®1+¢%QE, S(E;) = —q &
AE_; = E_;@qHi+1QFE_; S(E_) = —FEuf

(20)
e(H;) = e(E;) = e(E_;) =0

become Hopf algebra and Hopf superalgebra, re-
spectively. (Superalgebras have a graded Hopf
structure with antipode which is a graded anti-
homomorphism

S(ab) = (—1)%e9(a)deg(b) 5(p)S(a). (21)

The conjugation = (15) for |g| = 1 is a coal-
gebraic antihomomorphism, (Az)* = 2(33(1) ®
33(2))* = Zafb) ®33°El) and S(z*) = S{=)" ¥
z € Ug.




The isomorphisms to the QUEA induce Hopf
structure on the deformed parastatistics alge-
bras.

THEOREM 2 The deformed parafermionic al-
gebra p§,(n), the deformed parabosonic algebra
pB,(n) is a Hopf algebra, a Hopf superalgebra,
respectively when endowed with

(i) a coproduct A defined on the generators by

Aqihi a qihi ® qihz’ (22)
; , : +.
AdT = ati@1+¢M@aTi 4w ¥ [0 a7 ] o
1<j<n
Aa; = a;®q¢ M +1Qa; —w Y a7 @ et 4]
1<j<n

(]

(ii) a counit e defined on the generators by

) =1 e(a'T) =e(a;) =0 (25)




(iii) an antipode S (graded for pB,(n)) defined
on the generators by

S(g=h) = g7 (26)
S@H) = gt oY (cw) Y wH W
s=1 1<y1<..<gs<n
e h
S(a;) = —a;d""-> (W) Y aj.q"is W

s=1 n>js>...>51>1

i g s e _j A
where W'*'j =g hiflat?,a ], W f = [[G:+~",G¢ Iq"i

1
and w=gq2 —q

N

Recall some basic tools for QUEA U,(g) of a
simple Lie algebra g:

The QUEA Uy(g) is generated by the elements
of an upper-triangular and a lower triangular ma-
trices L(t) and L)

R(+)L:([i)Lgi) —_ Lgi)Lg_:t)R(—}_)




ROLM L) = (O R

where L) = 19 1L®, 1P = LE) g1 and
R(+) = PRP is the corresponding R-matrix for
Uq(9)-

The Hopf structure on the elements of L) and
L(=) compatible with the Drinfeld structure (de-
fined on the Chevalley basis) is given by the co-
product AL*, the counit e(L())

AL;;?(i) = ZL;(:E) ® L‘};(i) G(Li:(j:)) e 5;3
J
(29)
and the antipode S(L(£))
)3 e AT > SELEHEL )
3

J ;

Consider the QUEA Uq(so(2n 4 1)). The ma-
trices L(+) and L) are (2n 4+ 1) x (2n + 1)




matrices with elements in Ug(so(2n +1)). The
corner Lj.(";), 1<i,j <n-41 of the matrix L(+)
is very simple when expressed in terms of the
generators a1t and ay

( Ls-:_(+)) -

7 /1<ij<nt1

[ gM w[a'}'l,ai‘] w[a+1,a§] o« wlet ezl ca'i'l\
0 g2 wla1?, =] ... wla¥2,a;] cat?
0 0 g"3 .. wlaT3,a7] cat3
0 0 0 - ghn catm

\ 0 0 0 . 0 )

1
w=q2 — q_%. The coefficient ¢ = q_%(q —

i

A similar result holds for Ug(osp(1|2n)) but in-
stead of commutators one has to take anticom-
mutators.




Surﬁmarizing the formulze for QUEA of Lie (su-
Per)algebras of the series B(n) and B(0|n), the
Ieft n x n, minor of the upper-triangular matrix
L) reads

B - for 1 <s<np
Li(+)
J

wlat?, o] or 1< <j<n

The CoOnjugation « (15) €xCchanges the upper-
triangular matrix 7.(+) and the lower-

Il

triangular
matrix 7,(-)
Coproduct, 4129 (3 it it
pro P ALy S ey =
[ : f‘(‘f-) I{f-)
=Lmel+ 310 ¢
W) i)
L’:".aca.

+” "f‘n — ;(*) *.
A LG+ L. ®a
t‘é.jﬁn



Degcorfmed
F, (v B )
'P:FT( . 'ParaoPera[-Em1

Co Produ_c.'& A

; +i 3
da*t = o™ telxg hgatlcw S [a ,@, lee

teyén
3 407
: = ] TR 8 a
AQT = a7 ®F M+ 1 9aq; wk%"alaﬁ 271
Antipede S

+J Is1p o
Seth = -—7“" 5_—( w) = W "w 75: Js

Ld&& .(“54”
~dy
Se) = ~aif -2 WP Z i WK
l ) af e P
Wt = g-higatl ar §, Woi = [a¥,07 19
w:q%-—?‘x




The oscillator representations

The unitary representations mp of the parastatis-
tics algebras pB(n) and pF(n) with unique vac-
uum state are indexed by a non-negative integer
p . The representation @ is the lowest weight
representation with a unique vacuum state |0)
annihilated by all a; and labelled by the order of
parastatistics p

mp(a; )|0) =0 mp(a; )mp(a™)|0) = pd}|0) .

(34)
The vacuum representation (the trivial one with
p = 0) is given by the counit

mo(2)|0) = e(=)[0) z € pB(n), pF(n).
(35)
In the representation mp of the nondeformed paras-
tatistics algebras the hamiltonian h; = 3[a™?,a] ]%
and the:number operator N; = a™%a; of the i-th

paraoscillator are related by

p
h; = N; F 2 (36)




where the upper (lower) sign is for parafermions
(parabosons). The constant F5 plays the role of
the energy of the vacuum. In the representation
mp of the deformed parastatistics algebras the
quantum analogue of the relation holds

[, a7 1+ = [2JH; = [2hi] = [2]N; F p]

which implies the deformed analogue of the mp
defining condition

a; ()a (9)|0)P) = [p]o7|0) . (37)
The constant F[p]/[2] plays the role of energy

of the vacuum

[p]
10)®) = F0)
The aldebra of the g-deformed bosonic oscilla-
tors By(n) arises as a particular representation




7 of parabosonic order p =1 of the pB,(n)

a;a" —gatla; = ¢ et —g w5

atigti — qeijg+jg+?: = 0 _@_+i%j = qﬁjzgj—g

a; a; —q%a;a; = 0 a;a™I — ¢%igt
(38)

where w(z) =z and N; = h; —

N

The algebra of the g-deformed fermionic oscil-
lators §4(n) is the p = 1 representation of the
parafermionic algebra p§,(n)

a;at 4 qatila; = ¢ a;at 4 ¢ latia
_a_+ig+j + anjz'_a_—I-jQ-l-i = 0 Q—ng— e qeijgj_g,_'
Qi—gj_ — qejig‘;gﬂ._ — Q,;Q—'_j ..|_ qfijg‘h?‘-g
(g = 8 ey

‘ (39)

where N; = h; + 5.




Green Ansatz

The Green ansatz states - The parafermi (para-
bose) oscillators a™* and a; can be represented
as sums of p fermi (bose) oscillators

: p +i P
mp(a™h) = 3 al}y mp(a;) = Y aj,,

r=1 r=1

(40)
satisfying quadratic commutation relations of the
same type (i.e., fermi for parafermi and bose for
parabose) for equal indices (r)

= +k1 _ ok - - By O . R

[a‘i(r)’ G(T)]:I: =9;, [ai(?ﬂ):ak(r)]ﬁ: = [a (T)aa(,r)]:i: =0
(41)

and of the opposite type for the different indices

- o= 1o =gt gt = (g . g Rl =

250y o)F = L3y ¢ ()17 = [airy a ()17 = 0 79
(42)

The upper (lower) signs stay for the parafermi

(parabose) case.




The coproduct endows the tensor product of A-
modules of the Hopf algebra A with the struc-
ture of an A-module. Thus one can use the
coproduct for constructing a representation out
of simple ones. The simplest representations of
the parastatistics algebras are the oscillator rep-
resentations n (with p = 1). A parastatistics
algebra representation of arbitrary order arises
through the iterated coproduct.

Let us denote the (p-fold) iteration of the co-
product by

AO) =g A=A AP =(Ag1...91)oalP~L
p—1

(43)
and m denotes the projection from the (deformed)
parafermi and parabose algebra onto the (de-
formed) fermionic § (F4) and bosonic B (9B,)




Fock representation, respectively. Then we have

mp(aTh) = 7® 0 AP (1) .= % @
=1 (") (44)
p
7pla; ) = 7P o A(p)(a; = 5 a&ﬂ
sl

Consistency of the vacuum condition with the
deformed Green ansatz. The vacuum state|0)(P)
of the representation =, is to be identified with
the tensor power of the oscillator (p = 1) vac-
uum, [O)(p) =|0)®P. Evaluating the iterated graded
commutator

. (qhz‘)®}3 = (q—hg‘)®P
AP gt a; ] = ] T (45)
qﬁ —q 2
on the vacuum state |0)®P in the oscillator rep-

resentations #®P we get the defining condition
of the deformed mp

FrP0 AP [0t o7 110)P) = mp(ar )mp(aT)0)P) = |
= §op®



P h: — N:Fl ’ v
since w(q"™) = q "2, which proves the consis-
tency.

The Green components a?':) and a;(T) in a pg,(n)
or pB,(n) representation mp of parastatistics of
order p will be chosen to be
aff = AC-Dgi1eal)(Th L) g ath g)
(46)
Note that the conjugation x acts as reflection
on the Green indices (r)

o — * 1 ey el
(@) = ajey ()" =0fmy ™ =P S
The exchange relations of the Green compo-

nents of the deformed Green ansatz close quadratic
algebras .




For different Green indices:
([z,9]lxg=zy L qyz) (r>3)

if [aflaffls = Fa—gHafia ?;3 0= I(T), i]
5y Loy, ayle = Ela—a Dajyay,y  Oslag),aly]
(47)
[a(Tg’ (S)]:Fq_o [air)’a?i(s)]q:q_lzo
£33 (48)
(a7 \,afd]= =0 for r#s (49)
i) e T
For equal Green indices:
[a (?‘)’a(?’)]:tq:Fe” T = o=la;), y(r)]
— = J 3¢ =
[t(r)’a(?‘)] = = il %(?")3 CIJ‘Q Li(r)’ ('f’) =

(50)
where the operators QJH') and QJ( ) are quadratic




in the Green components

T = = a; : ‘
FIQ) = (a-aH T T aag,) >
QD) = ~(a-a DT T Dafay ) i<
(51)
1 _ g r—g-1 ; =
7*2Q = ¢ (M — (- DS
i(— r—5-3)(g—Ni % o=
qq:%QiEr)):q;( PR + (—q JEP
(52)

FCr-s) +. ~#

@ = q Q‘(g)QZ.(S)

The upper (lower) signs are for the parafermi
(parabose) case. For the parafermi algebra pg,(n)
one has in addition

(a$3>2 =10 (az._(s))2 =@ for p&"q(n) (53)




