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e In the presence of linear dilaton field & = ®, + a,z" for
a’#£0
— Conformal part F' of the world-sheet metric becomes a
new non-commutative variable
— Coordinate in the a, direction becomes commutative
(Sazdovié, hep-th/0408131)
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New results

e a’?#0
— We extend the space adding the new coordinate: the
conformal part F' of the world-sheet metric
— The action in standard space with linear dilaton we can
express in the extended space as dilaton free action
— We can apply all known results for this case

e a’=0

— Primary first class constraint appears, which is generator
of the local gauge symmetry

— In terms of new gauge invariant and
canonically conjugated variables
x Action obtains the dilaton free form
* String is described by effective coordinates

2=t - 2a'F

Method

e We af;ply canonical method
e We treat boundary conditions as constraints
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Definition of the model

Action

2 1 B P v 2)
5= Réd EV’ —g Eg G“y'{— —v/__—gB’u,y 3aw“6’gz + @R(

o — z(&)(p=0,1,...,D —1) space-time coordinates
- £*(¢=0,1) world-sheet coordinates
- z}(¢) (¢ =0,1,...,p) Dp-brane coordinates

e Open string propagates in z* dependent background

— metric tensor Guv
— antisymmetric tensor field Bpi— =5,
— dilaton field $

o - Conformal gauge, gas—¢ ijas —> RY = 2AF
— Chose for simplicity
* pr — Bz‘j and a, — a;
* Gup=0 for pn=1i€{0,1, .y D}
v=ae€{p+l,. . ,D—1}

Il

S Sl(&"}a) -+ Sg(wé, F)
1 o a
51 = ”Adzfaﬂ BGabE)am 83.1:‘5

i . : :
Sy = K,f d2£ [ (Ena’aGij + 60‘833'3;) 8a9313ﬁ$3 + 2naﬁa£3am%35F:|
=

Action depends on ' — no conformal invariance
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Solution of the space-time field equations

e Conditions on world-sheet conformal invariance

ﬁfy = R‘u.y _— éBP_po‘Bypa + 2DPG.], — 0

BL. =D,B, — 20,8, —0

D — 26
3

d7k

5@

I

ay = 0y®, By, is field strength of the field B,
e Exact solution
Guv(z) = Gu = const, B,,(z) = B,, = const

®(z) = o+ auz”, (a, = const)
for a’ = h:ﬂ'@g—g
e =0 — D =26 Critical string

e a’> 0, — D < 26 Noncritical string
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Extended space

In extended (D + 1 dim) space-time with the coordinates
yA — (mz’ F)

1 (o o
So = H‘J/ d’¢ [5’0 "Gtk ﬁBAB] Oay” 0py”
)
where
_ Gij 2(13‘ 1 Bt‘j 0
GAB_(zaj 0)’ BAB_( 0 0)

Same form as in the absence of dilaton field
— In D + 1 dimensions
— With particular expressions for G 45 and B g
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The case a® # 0

@ For a® # 0 there exists inverse metric GAB

AB —-1\AB lTij azﬁ

G = (G ) = r 2({
(o]

262 442

a

a;a

where Pg = Gy — -%5-1

e Apply standard procedure for dilaton free case on D 4+ 1
dimensional space-time with particular forms for

GAB and -BAB

1 I]i" ta;
=B —_ ] i *
ITiap 48 T 2GAB ( iy 0 )

1 1 .. .
(I4Ilz)ap = —ZGng = ( Gij  2a )

— Effective open string metrics
* qujg in extended space-time
* G = (G — 4BPTB)¢J‘ in real space-time.
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Canonical analysis

e Canonical variables y* = {z*, F} 74 = {m;, 7}

e Currents on the Dp-brane

A 1l

Jra =TaE QHHiAB‘yB

é fiia 0l = +2kGagd  {j+a,jxB} =0
e Energy momentum tensor components

1 Simes .
Ty = %E-—4 G" Jj+AJ+B
2"

e e

— Virasoro algebras

(T, Ts} = —[Tx(0) + T£(8)]6',  {Tx,T¢} =0

Bgoe e

e Canonical Hamiltonian H.=T_ — T4
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Open string boundary conditions

e Lagrangian approach
-~ Boundary conditions

oS
5F) loz = ByrA‘syA[aﬂ =0

ozt

oz'* OF!

( oS oS

- yd = {mé, F} — Neumann boundary conditions
arbitrary variations 2" and § F' on the string endpoints

vy loz =0
05 ; :
vy = o k(—Gapy"” + 2Bapy”®)

— % — Dirichlet boundary conditions
fixed edges of the string 02" |agx = 0

— In terms of the currents

0 - .B
7,(4) = YA- + Y4+, Yax = Hzapjs

e Hamiltonian approach

— Hamiltonian is a generator of the time translations
— it must be differentiable in coordinates and momenta

§H. = 6H® — 404 i (1)
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Constraints

o

.}

o Consider “}’540}[3)3 as a constraint

¢ Using Poisson brackets

RS AT

{Hm j:!:A} = :F.?;:A

- Dlarc consistency conditions generate infinite set
'}’A |az;—0 (n>l)

O = {Hoy§V) =07 {ya_ + (—1)"ya+}

— In compact form
x atoc =0

Ta(o) = Z 17(0) = v4-(0) + Yar(—0)

fE_ n>0

*ato=w

Ty(o) = Z (U (n)( ) =7v4-(0) + va4 (27 — o)
' n>0 .
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o Periodicity
= Only arguments of positive chirality currents differ

= Yit(=0) =71 (@7 — 0)  yi(—0) = vy (27 — o)
= All currents and all variables

yt = {z*, F}and my = {mi, w}
are periodicin o: o — o + 271

e All constraints weakly commute with hamiltonian
{He, Ta(0)} = Ty(o)

there are no more constraints

® Algebra of constraints
{Ta(0),I'p(3)} = kG5 (0 — 5)
were we introduced effective metric tensor in extended space
Gl = Gap — 4B4cGPBpy

— We will refer to it as the open string metric tensor,
the metric tensor seen by the open string

o For detG #0

all constraints are of the second class
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Solution of the boundary conditions
e Introduce Dirac brackets or solve constraints

e Open string variables (g, Pa) (@, DA)

@) =3 [+ 0], @) =3 [14() - v (~0)]

N)II—IMIH

PA(e) = 5 [ra(0) + ma(=0) s Pa(0) = 1 [ra(o) - ma(~0)

e The constraints in terms of open string variables
Ta(e) = 2(BG™ 1) a"pp + 54 — xGFS 7P

— Symmetric and antisymmetric parts vanish separately
— Antisymmetric (bar) variables in terms of symmetric ones

2 = -
Pa=0, §%==(G;;BG")*"pp
<
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Effective theory

e The original variables in terms of new ones

:
#
£
4
i
o
o
'
8

L

2 o o o
=g+ ;(GeflfBG l)ABf do1pp, ™A =pa
e Effective energy-momentum tensor in terms of new variables
A, A = . A
Tily™ (a7, pa), ma(pa)] = T(q®, pa)
— has exactly the same form as 7',

I 1 AB~= =
T = £ Goprisajen

* but in new background

GAB — szg = GAB — 4(BG_IB)AB,
Bug — Bap =0 (2)

% or in components

; Ga’j — é‘ij = Gij = 4B1'kPququ §
Bij-%.éij=0, @—)é’Z‘I)o-l—a,;qé

Noncommutavity in the presence of dilaton field BW 2005




BRI

e s s n

13

Non-commutativity in presence of dilaton

o Separate the center of mass, y.,, = L [ doy” (o)

y(0) =y, + Y4(0)

{Y4(0),YE(3)} = 204BA(0 + 5)

A _ 1,5 . Sicipieel ©Y o
© = _;(GeffBG ) R ( —eJ 0

048 _ _gBA

=g — 0=aq
Ao +7) = ST = — 7

0 otherwise

e In the component form

{X%(0), XI(5)} = 209 A(0 + 5)

ot = _E(PTBPT)U i — _gii
K
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® — New non-commutative variable (conformal factor)

{X*(0), F(3)} = 20°A(c + 5)

. (aBG™)*  (aB)"
= 2ka? - 2ka2

— and one commutative Dp-brane direction z = a;z°
a;®9 =0 a;® =0

= {z(0),2'(8)} =0, {xz(0),F(5)} =0
= Total number of non-commuting coordinates remains the
same
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The case a2 =0
det GAB = —4&2 det G@j
fora® =0 Gap is singular (doesn’'t have inverse)
e There is a constraint in the theory
i i i . i 1
J :G«Jté—53i9=a7ri—§1r+25a8ij:c
e Canonical hamiltonian
1, K :
H:. = 2_71-32 - E:c’Geffx’ + 27 Bz’ + Q&aixszf
K
e [f we define currents in the form
. ’ ij
. 1 1 - = -
z +2a F = — 4 g
SE (5 +9—;)
'!:’ 'i ! GEJ - .
i z +2a’'F = — S — 9
o (a5 — 3-5)
Then hamiltonian is described in terms of new currents
.
He="1T_ — &4 Ty = F—GY51ij4,
4K
in the same form as before
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e Total hamiltonian
Hr =H.+ Aj
® 7 is a first class constraint
{Hr,5} =0
& Generator of the symmetry
X ={X,G} G= /dd-n(o—r)j(cr)
— Gauge transformations
6nxi = ain B = _%n
Snmi = 2ka’ By S,m =0
= New variables
2t =gt - 2a'F Pi=qr 4&:F’aijz-
* gahge invariant
8,2 =0 8:8: =0
* canonically conjugated
{#', P} = §:6(c — 7)
Noncommutavity in the presence of dilaton field
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e In terms of new variables z* and P;
— hamiltonian

Holmg mi, By =2{P,, zi, 0)
- and currents
J+i = T + QRH:Hjmfj + 2ka,F' = P; + QHHiijzfj

have the form of the starting one but without F' field

e Non-commutativity relations for new variables z°,
are the same as in the case ® = 0

{zi('r, o), zj(f,a)} —209A(c +3)  (3)

- |
©Y = —(G_;;BG™")Y (4)
f{' .
— The case a® = 0 with z°* _
is equivalent to the case ® = 0 with =*

including the number of space-time dimensions, D = 26
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