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General introduction and

motivation

Physics:

Practical physics: introduce a cut-off Λ;
points ‘fuzzy’ to order Λ−1

‘Fundamental’ Physics: replace points by
‘Planck cells’; no UV divergences

Solid-state analogy: Coordinates as order
parameters; course-graining; screening

Related things: random lattices, qantum nets,
twistors, Sakarov’s induced gravity, Wheeler’s
graviton as phonon et cætera
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Noncommutative geometry

and gravity

Replace (Minkowski) coordinates x̃µ by generators
xµ of a noncommutative algebra Ak̄ with

[xµ, xν ] = ik̄Jµν , k̄ ' µ−2
P = G~

‘Heisenberg’ uncertainty relations: Λ2k̄ . 1

Fuzzy space-time: cells of volume ' (2πk̄)2

In the limit µP →∞: xµ → z x̃µ

Representation: xµ become unbounded hermitian
operators on some Hilbert space

The whole idea is contained in the diagram

Ak̄ ⇐= Ω∗(Ak̄)

⇓ ⇑

Cut-off Gravity
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*

The classical Cartan formalism

Special case of ‘parallelizable’ geometries with

A = C∞(V ): Ω∗(V ): DeRham; Ω1(V ) free

Frame: θ̃i(ẽj) = δi
j , ẽi = ẽr

i ∂̃r

Spin connection: d̃θ̃i = − 1
2 C̃i

jkθ̃j θ̃k

Commutation relations: [ẽj , ẽk] = C̃i
jkẽi

Gauge condition: ẽiC̃
i
jk = 0

Petrov’s classification

In general the manifold has a Weyl tensor Rijkl

and a symplectic stucture: Kij .

The tensor Kij has 2 principle nul directions ξi

and can be of type N or I

The Weyl tensor has 4 principle null directions ζi

and can be of type N , D, II or I
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The NC Cartan formalism

Find an algebra A with generators pi and a
morphism

ẽj 7→ pj

with perhaps a central extension.

An example

V = R4 with θ̃i = dx̃i and ẽj = ∂̃j

Commutation relations: [ẽj , ẽk] = 0

ẽj 7→ pj

Central extension: [pj , pk] = Kjk

Write pi = −Kijx
j

Momentum generators: pi

Position generators: xj

Fourier transform.
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Special case of ‘parallelizable’ geometries with

A: ∗-algebra; Ω∗(A): calculus; Ω1(A) free

Frame: θi(ej) = δi
j , ei = ad pi

Dictionary:

pi 7→ 1
i~

pα

θi 7→ dxα

θi(ej) 7→ 1
i~

[pβ , xα]

Position ‘space’ and p - ‘space’ are one ‘space’

Dimension = n = rank Ω1(A)

Reality: (pi)∗ = −pi, (θi)∗ = θi
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Constraint equation:

[pk, pl] = Kkl + F i
klpi − 2ik̄pipjQ

ij
kl

or:

[pk, pl] = Kkl +
1
2
(F i

kl + Ci
kl)pi

Dictionary:

Constraint equation 7→ [pα, pβ ] = 0

According to the general formulae

Cα
βγ = −2Q(αδ)

βγpδ.

It follows therefore that

[xµ, Cα
βγ ] = 2P (αδ)

βγ [pδ, x
µ].

Both sides vanish in the classical limit.
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Linear approximation

fθα = θαf, θα = θα
µdxµ

[xλ, dxµ] = ik̄Jλβeβeµ
αθα

ik̄dJλµ = ik̄J [λν∂νeµ]
α θα

That is,

dJλµ = J [λν∂νeµ]
α θα + o(ik̄)

From the limiting conditions

dJλµ = o(ik̄)

we see that the integrability condition for the
equation for Jλµ is

dJ [λν∂νeµ]
α θα = o(k̄2)
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Equivalently one can write

J [λνd
(
∂νeµ]

α θα
)

= o(k̄)

With the frame components

Jλµ = Jαβeλ
αeπ

β

we write

dJλµ = dJαβeλ
αeπ

β + J [λβeαe
µ]
β θα

Therefore

dJαβ + Jγ[αCβ]
γδθ

δ = o(k̄2).

This equation has the integrability condition

d
(
Jγ[αCβ]

γδθ
δ
)

= o(k̄).
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Therefore

Jγ[αd
(
Cβ]

γδθ
δ
)

= o(k̄).

In terms of the dual

dJ∗αβ + 1
2Cγ

γδθ
δJ∗αβ + 1

2J∗γ[αCγ
β]δθ

δ = 0.

the integrability condition is

J∗[αβeγ]C
β

ζη = 0

Introduce φ solution to the equations

d log φ = Cγ
γδθ

δ

Then the equations for the dual can be written

d(
√

φJ∗αβ) + 1
2

√
φJ∗γ[αCγ

β]δθ
δ = 0.
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Newtonian approximation

Frame:

θ0 = (1− 1
2φ)dt, θi = (1 + 1

2φ)dxi,

Notation:

φ = φ(xi), Ai = 1
2 [pi, φ], A = Aiθ

i, A = 1
2dφ

Retain only linear terms:

dθ0 = −Aθ0, dθi = Aθi

C0
0i = −Ai, Ci

jk = −A[jδ
i
k]

Connection

ωi
j = Aiθj −Ajθ

i, ω0
i = −Aiθ

0

Duality:

[p0, t] = 1 + 1
2φ, [pi, x

j ] = (1− 1
2φ)δj

i
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Ansatz: Ai = iεαpi + iεβip0.

Algebra relations:

[p0, pi] = 1
4 iεα(pip0 + p0pi) + 1

2 iεβip
2
0 + K0i,

[pj , pk] = − 1
4 iεαβ[j(p0pk] + pk]p0) + Kjk

Jacobi anomaly: Aα
J : vanishes if

Kαβ = 0

Position-algebra commutators

dJµν = [dxµ, xν ]− [dxν , xµ]

We conclude that the commutators are
determined by the differential equations

dJ ij = AkJk[iθj] (1)

dJ0j = AiJ
ijθ0 + AiJ

i0θj (2)
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