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General introduction and

motivation

Physics:

Practical physics: introduce a cut-off A;

points ‘fuzzy’ to order A1

‘Fundamental’ Physics: replace points by

‘Planck cells’; no UV divergences

Solid-state analogy: Coordinates as order

parameters; course-graining; screening

Related things: random lattices, qantum nets,
twistors, Sakarov’s induced gravity, Wheeler’s

graviton as phonon et cetera



Noncommutative geometry
and gravity

Replace (Minkowski) coordinates z# by generators

x* of a noncommutative algebra Az with

[t x¥| = ik JHY, ke~ up’=Gh

‘Heisenberg’ uncertainty relations: A%k <1
Fuzzy space-time: cells of volume ~ (27k)?
In the limit up — oco: ¥ — zz#

Representation: x# become unbounded hermitian

operators on some Hilbert space

The whole idea is contained in the diagram
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Cut-off Gravity



The classical Cartan formalism

Special case of ‘parallelizable’ geometries with
A=C>(V): Q*(V): DeRham; QY(V) free
Frame: 6%(¢;) = 0%, &; = €70,

G i

Spin connection: df*® = —%

~

Commutation relations: [€;,éx] = C"jré;

Gauge condition: éiCN’i ik =0

Petrov’s classification

In general the manifold has a Weyl tensor R;;;

and a symplectic stucture: K;;.

The tensor K;; has 2 principle nul directions &
and can be of type N or [

The Weyl tensor has 4 principle null directions ¢*
and can be of type N, D, Il or I



The NC Cartan formalism

Find an algebra A with generators p; and a

morphism

~

€j — Dy

with perhaps a central extension.

An example
V =R* with @' =dz* and é; = 0,

Commutation relations: [€;,€x] =0

~

€j — Dy

Central extension: [p;,px] = K;
Write p; = —Kij:cj

Momentum generators: p;
Position generators: 7

Fourier transform.



Special case of ‘parallelizable’ geometries with

A:  x-algebra; Q*(A): calculus; Q'(A) free

Frame: 6'(e;) = ¢, e; = ad p;
Dictionary:
1
A
6 — dz°
0" (e;) 1 pg, 7]
e;) — —|pg,x
J inl?

Position ‘space’ and p- ‘space’ are one ‘space’
Dimension = n = rank Q!(A)

Reality: (pi)* = —pi,  (6")* =0



Constraint equation:

k1] = Kkt + Frapi — 2ikpip; QY ki

or:

1 . |
Pk, 0] = Kii + i(szl + C" k1) p;

Dictionary:

Constraint equation — [p,,psg] =0

According to the general formulae

C%py = —2Q" 5 ps.

It follows therefore that

2#,C% 5] = 2P 5. [ps, V],

Both sides vanish in the classical limit.



Linear approximation

fO* =06°f, 0% = 0, dx"
[2*, dz*] = ikJ M eget 0°

ikdJM = ikJA 9, et o

That is,

dJM = JAg,ero + o(ik)

From the limiting conditions

dJM = o(ik)

we see that the integrability condition for the

equation for JM is

dJA9,ero = o(k?)



Equivalently one can write

g (ayegma) — o(k)

With the frame components

JM = Jaﬁegeg

we write

dJM = d]‘wegeg + J[weaeg]eo‘

Therefore

dJP 4 Pl 500 = o(E?).

This equation has the integrability condition

d (1507 = o(k).



Therefore

Jrleg (0517595) — o(k).

In terms of the dual

dJsg + 5C7260° T+ 505,C7 3150° = 0.

the integrability condition is

J[ZQG’Y]CBC?? =0

Introduce ¢ solution to the equations

dlog ¢ = C.,50°

Then the equations for the dual can be written

d(V/ ¢ J55) + 53/ P21, CY 31s0° = 0.
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Newtonian approximation

Frame:
0° = (1 - 30)dt, 0" =(1+ 5¢)da’,
Notation:

o =o¢(x"), A;=1ilp,ol, A=A0°, A=3ido

Retain only linear terms:

do = —A6°, df* = A6

C%; = — A, C'ji = — Ay ;i]
Connection
wij — Aiﬁj — Ajei, WV = —A,0°
Duality:
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Ansatz: A; = teap; + 1€0;pg.
Algebra relations:
o, pi] = Fiea(pipo + popi) + i€Bipg + Koi,

[pj,pk] = —%iﬁoéﬁ[j (Popk] +pk]po) + K

Jacobi anomaly: A9: vanishes if

Kap=0

Position-algebra commutators

dJH* = |dxt "] — |[dx¥, zV]

We conclude that the commutators are
determined by the differential equations

dJ" = ApJrligl (1)
dJY = A;J76° + A; J0¢ (2)
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